a b s t r a c t A paper focuses on implementation of the sampling surfaces (SaS) method for the three-dimensional (3D) exact solutions for functionally graded (FG) piezoelectric laminated shells. According to this method, we introduce inside the nth layer I n not equally spaced SaS parallel to the middle surface of the shell and choose displacements and electric potentials of these surfaces as basic shell variables. Such choice of unknowns yields, first, a very compact form of governing equations of the FG piezoelectric shell formulation and, second, allows the use of strain-displacement equations, which exactly represent rigid-body motions of the shell in any convected curvilinear coordinate system. It is worth noting that the SaS are located inside each layer at Chebyshev polynomial nodes that leads to a uniform convergence of the SaS method. As a result, the SaS method can be applied efficiently to 3D exact solutions of electroelasticity for FG piezoelectric cross-ply and angle-ply shells with a specified accuracy by using a sufficient number of SaS.
Introduction
In the last two decades, a considerable work has been carried out on the three-dimensional (3D) exact analysis of piezoelectric laminated shells. In the literature, there are at least five approaches to 3D exact solutions of electroelasticity for piezoelectric shells, namely, the Pagano approach (Vlasov, 1957; Pagano, 1969) , the state space approach, the series expansion approach, the asymptotic approach and the sampling surfaces (SaS) approach. The first four approaches are discussed and critically assessed in a survey article (Wu et al., 2008) . Very recently, the SaS approach has been also applied to 3D exact solutions for piezoelectric laminated plates and shells by Kulikov and Plotnikova (2013b,c) .
The functionally graded (FG) piezoelectric materials are at present widely used in mechanical engineering due to their advantages compared to traditional laminated piezoelectric materials (Birman and Byrd, 2007) . At the same time, the analysis of FG piezoelectric shells is not a simple task because the material properties depend on the transverse coordinate and some specific assumptions concerning their variations in the thickness direction are required (Reddy and Cheng, 2001; Zhong and Shang, 2003) . This implies that first three approaches, i.e., the Pagano approach, the state space approach and the series expansion approach cannot be applied directly to 3D exact solutions for FG piezoelectric shells. However, this becomes possible if the shell is artificially divided into a large number of individual layers (Soldatos and Hadjigeorgiou, 1990) with constant material properties through the thickness (Wu and Liu, 2007; Wu and Tsai, 2012) . The use of such a technique means that 3D solutions derived are approximate. On the contrary, the asymptotic approach (Wu and Syu, 2007) and the SaS approach (Kulikov and Plotnikova, 2013d) yield the exact results because governing differential equations in both approaches are obtained through definite integration in the thickness direction of a shell.
This paper is intended to show that the SaS method can be also applied efficiently to 3D exact solutions of electroelasticity for FG piezoelectric laminated shells. In accordance with this method, we choose inside the nth layer I n not equally spaced SaS X ðnÞ1 ; X ðnÞ2 ; . . . ; X ðnÞIn parallel to the middle surface of the shell and introduce the displacement vectors u ðnÞ1 ; u ðnÞ2 ; . . . ; u ðnÞIn and the electric potentials u ðnÞ1 ; u ðnÞ2 ; . . . ; u ðnÞIn of these surfaces as basic shell variables, where I n P 3. Such choice of unknowns with the consequent use of Lagrange polynomials of degree I n À 1 in the thickness direction for each layer leads to a very compact form of governing equations of the FG piezoelectric shell formulation. Moreover, the proposed approach gives an opportunity to utilize the strain-displacement equations, which describe exactly all rigid-body shell motions in any convected curvilinear coordinate system (Kulikov and Plotnikova, 2013a) . Although the SaS method has been already applied efficiently to the exact analysis of elastic and piezoelectric shells (Kulikov and Plotnikova, 2012, 2013a,c) , the application of this method to FG shells cannot be found in the current literature. Note also that an idea of using the SaS can be traced back to papers (Kulikov, 2001; Kulikov and Carrera, 2008) in which three, four and five equally spaced SaS are employed. In these contributions, the Lagrange polynomials are utilized to derive approximate solutions of 3D shell problems. For further information concerning the approximate solution of 3D electroelastic shell problems the reader refers to Carrera et al. (2011) where the Legendre polynomials in the thickness direction are employed.
It is necessary to mention that the proposed approach with equally spaced SaS (Kulikov and Plotnikova, 2011) does not work properly with Lagrange polynomials of high degree because the Runge's phenomenon can occur, which yields the wild oscillation at the edges of the interval when the user deals with any specific functions. If the number of equally spaced nodes is increased then the oscillations become even larger. However, the use of Chebyshev polynomial nodes inside each layer can help to improve significantly the behavior of Lagrange polynomials of high degree for which the error will go to zero as I n ! 1.
The authors restrict themselves to finding five right digits in all examples presented. To achieve a better accuracy, the more SaS inside each layer should be taken.
Kinematic description of laminated shell
Consider a thick laminated shell of the thickness h. Let the middle surface X be described by orthogonal curvilinear coordinates h 1 and h 2 , which are referred to the lines of principal curvatures of its surface. The coordinate h 3 is oriented along the unit vector e 3 normal to the middle surface. Introduce the following notations: e a are the orthonormal base vectors of the middle surface; A a are the coefficients of the first fundamental form; k a are the principal curvatures of the middle surface; c
are the components of the shifter tensor at SaS; h is the thickness of the nth layer.
Here and in the following developments, the index n identifies the belonging of any quantity to the nth layer and runs from 1 to N, where N is the number of layers; the index m n identifies the belonging of any quantity to the inner SaS of the nth layer and runs from 2 to I n À 1, whereas the indices i n , j n , k n describe all SaS of the nth layer and run from 1 to I n ; Greek indices a; b range from 1 to 2; Latin tensorial indices i; j; k; l range from 1 to 3.
It is seen from (1) that transverse coordinates of inner SaS coincide with coordinates of Chebyshev polynomial nodes (Burden and Faires, 2010) . This fact has a great meaning for a convergence of the SaS method (Kulikov and Plotnikova, 2012, 2013a) .
The strain tensor at SaS of the nth layer in a reference surface frame e i (see, e.g. Kulikov and Plotnikova, 2013c) can be written as follows:
Here, k ðnÞin ia are the strain parameters of SaS defined as
where u 
where u i are the components of the 3D displacement vector in a reference surface frame e i , which is always measured in accordance with the total Lagrangian formulation from the initial configuration to the current configuration directly. Now, we start with the first assumption of the proposed piezoelectric laminated shell formulation. Let us assume that the displacements of the nth layer u ðnÞ i are distributed through the thickness as follows:
where L ðnÞin ðh 3 Þ are the Lagrange polynomials of degree I n À 1 expressed as
Using relations (9) and (10) one obtains
where
are the derivatives of Lagrange polynomials. The values of these derivatives at SaS are calculated as
for j n -i n ;
It is seen that the key functions b ðnÞin i of the laminated shell formulation are represented according to (12) as a linear combination of displacements of SaS of the nth layer u ðnÞj n i . The following step consists in a choice of the correct approximation of strains through the thickness of the nth layer. It is apparent that the strain distribution should be chosen similar to the Fig. 1 . Geometry of the laminated shell. displacement distribution (10). Thus, the second assumption of the developed shell formulation can be written as
The strain-displacement relationships (14) exactly represent all rigid-body motions of the laminated shell in any convected curvilinear coordinate system. The proof of this statement is given by Kulikov and Plotnikova (2013a) .
Description of electric field
The relation between the electric field and the electric potential u is given by
In particular, the electric field vector at SaS of the nth layer is presented as 
Following the SaS technique, we accept the third and fourth assumptions of the proposed piezoelectric laminated shell formulation. Let the electric potential and the electric field vector of the nth layer be distributed through the thickness as follows:
The use of (18) and (19) yields a simple formula
which is similar to (12). This implies that the key functions w ðnÞin of the piezoelectric laminated shell formulation are represented as a linear combination of electric potentials of SaS of the nth layer u ðnÞj n .
Variational formulation
The variational equation for the piezoelectric laminated shell in the case of conservative loading can be written as
where P is the extended potential energy (see, e.g. Tzou, 1993) defined as Substituting the strain and electric field distributions (14) and (20) in the extended potential energy (23) and introducing stress resultants
and electric displacement resultants
For simplicity, we consider the case of linear piezoelectric materials (see, e.g. Reddy, 2004) Now, we accept the fifth and last assumption of the FG piezoelectric laminated shell formulation. Let us assume that the material constants are distributed through the thickness of the shell according to the following law:
that is extensively utilized in this paper. Here, C are the values of elastic, piezoelectric and dielectric constants on SaS of the nth layer. Inserting constitutive Eqs. (28) and (29) respectively in (25) and (26) and taking into account the through-thickness distributions (14), (20), (30)- (32), we arrive at the following expressions for stress and electric displacement resultants:
3D exact solution for FG piezoelectric orthotropic cylindrical shells
In this section, we study a simply supported FG piezoelectric laminated orthotropic cylindrical shell. Let the middle surface of the shell be described by axial and circumferential coordinates h 1 and h 2 . The edge boundary conditions of the shell are assumed to be fully supported and electrically grounded, that is,
where L is the length of the shell. To satisfy boundary conditions (36), we search an analytical solution of the problem by a method of double Fourier series expansion
The external electromechanical loads are also expanded in double Fourier series.
Substituting (37) and Fourier series corresponding to electromechanical loading in (24) and (27) with W R ¼ 0 and using relations (2)- (7), (12), (16), (21), (33), and (34), one finds
Invoking the variational Eq. (22), the following system of linear algebraic equations of order 4
The linear system (39) can be easily solved by a method of Gaussian elimination.
The described algorithm was performed with the Symbolic Math Toolbox, which incorporates symbolic computations into the numeric environment of MATLAB. This gives an opportunity to derive the exact solutions of 3D electroelasticity for FG piezoelectric laminated orthotropic cylindrical shells with a specified accuracy.
As a numerical example, we consider a symmetric three-layer cylindrical shell (N = 3) with ply thicknesses h 1 ¼ h 2 ¼ h 3 ¼ h=3 subjected to mechanical loading acting on the top surface
or electric loading acting on the same surface
where p 0 ¼ À1 Pa and q 0 ¼ 1 C=m 2 . The bottom and top layers are composed of the FG piezoelectric material, whereas the central layer is made of the homogeneous piezoelectric material. It is assumed that the FG material properties are distributed in the thickness direction according to the exponential law (Wu and Tsai, 2012) : 
where C
ijkl , e
ikl and
ik are the elastic, piezoelectric and dielectric constants of the central layer, which are considered to be the same as those of the PZT-4 given in Wu and Tsai (2012) 
The data listed in Tables 2-5 show that the SaS method permits one to find the 3D exact solution for thick FG piezoelectric laminated orthotropic shells with a prescribed accuracy by using a sufficient number of SaS inside the nth layer I n . Here, the field variables u; r i3 and D 3 are evaluated at the second layer interface
Figs. 2 and 3 display the distributions of transverse shear stresses, electric potential and electric displacement in the thickness direction for different values of the slenderness ratio R/h employing nine SaS for each layer. These results demonstrate convincingly the high potential of the proposed FG piezoelectric shell formulation. This is due to the fact that the boundary conditions on the bottom and top surfaces for transverse shear stresses and continuity conditions at layer interfaces for transverse stress and electric displacement components are satisfied exactly. As we remember, the transverse stresses and electric displacements are evaluated through the constitutive Eqs. (28) and (29). 
3D exact solution for FG piezoelectric anisotropic cylindrical shells
Consider next a symmetric deformation of the simply supported FG piezoelectric laminated anisotropic shell. The boundary conditions of the shell with electrically grounded edges are taken as 
to simulate the simple supports. In the case of a monoclinic piezoelectric material with the poling direction coincident with h 3 axis, we can search an analytical solution of the problem as follows: 
The external electromechanical loads are also expanded in Fourier series.
Substituting (46) and Fourier series corresponding to electromechanical loading in (24) and (27) with W R ¼ 0 and taking into account relations (2)- (7), (12), (16), (33), (34), we have
The use of the variational equation for the piezoelectric laminated shell (22) leads to a system of linear algebraic equations
of order 4 P n I n À N þ 1 À Á , which is solved by a method of Gaussian elimination.
The described algorithm was performed with the Symbolic Math Toolbox, which incorporates symbolic computations into the numeric environment of MATLAB. That allows one to derive the 3D exact solutions of electroelasticity for FG piezoelectric laminated anisotropic cylindrical shells with a specified accuracy.
As a numerical example, we study an angle-ply cylindrical shell with the stacking sequence [45/À45] composed of the graphiteepoxy composite and covered with two FG piezoelectric ceramic layers on its bottom and top surfaces. This means that a four-layer cylindrical shell [PZT/45/À45/PZT] with equal thicknesses h n ¼ h=4 is considered, where n ¼ 1; 2; 3; 4. The material properties of the graphite-epoxy composite are given in Table 1 . Concerning both FG piezoelectric layers it is assumed that their material properties are distributed in the thickness direction according to a power law, that is ik are the elastic, piezoelectric and dielectric constants at layer interfaces between piezoelectric and substrate layers, which are considered to be the same as those of the PZT-4 given in Heyliger (1997) and Table 1 ; b is the material gradient index; z ¼ h 3 =h is the dimensionless thickness coordinate. To investigate a response of the FG piezoelectric angle-ply cylindrical shell more carefully, we consider five values of the material index b (Fig. 4) including the case of b ¼ 0 that corresponds to an angle-ply shell with homogeneous piezoelectric layers; see the 3D exact solution (Kulikov and Plotnikova, 2013c ).
The shell is subjected to mechanical loading
or electric loading acting on the top surface 
The results from Tables 6-9 show that the SaS method gives the possibility to find the 3D exact solution of electroelasticity for thick angle-ply cylindrical shells with a prescribed accuracy using a large number of SaS inside each layer. Figs. 5 and 6 present the distributions of the displacements, transverse stresses and electric displacement through the thickness of the shell for different values of the material index b employing nine SaS exactly. As can be seen, the boundary conditions on the outer surfaces for transverse stress and electric displacement components and the continuity conditions at layer interfaces for transverse stresses are satisfied with a high accuracy.
3D exact solution for FG piezoelectric laminated spherical shells
Finally, we study a symmetric deformation of the FG piezoelectric laminated spherical shell subjected to mechanical and electric loads acting on its bottom and top surfaces considering the most general boundary conditions 
Due to spherical symmetry, we search a solution of the problem as follows:
The use of (55) in Eqs. (2)- (7), (12), (16), (21), (22), (24), (27) 
The linear system (56) is solved by a method of Gaussian elimination. The described algorithm was performed with the Symbolic Math Toolbox of MATLAB to address efficiently the symbolic computations.
As a numerical example, we consider a piezoelectric spherical shell consisting of two layers of equal thicknesses with R ¼ 0:045 m and h ¼ 0:03 m, where R is the radius of the middle surface. The inner layer is composed of the FG piezoelectric ceramic, while the outer layer is made of ðPb; CaÞðCo 1=2 W 1=2 ÞTiO 3 with the material properties given in Heyliger and Wu (1999) ik are the elastic, piezoelectric and dielectric constants at the layer interface, which are considered to be the same as those of the PZT-5 also given in Heyliger and Wu (1999) and Table 1 ; a is the material gradient index; z ¼ h 3 =h is the dimensionless thickness coordinate.
Let the shell be subjected to mechanical loading acting on the outer surface Heyliger and Wu (1999) and authors' 3D exact solution (Kulikov and Plotnikova, 2013c ) based on the SaS technique. Tables 10-13 list the results of the convergence study using a various number of SaS for a very thick FG piezoelectric spherical shell. Figs. 7 and 8 present the distributions of transverse displacement and transverse normal stress, electric potential and electric displacement through the thickness of the shell employing nine SaS. As can be seen, the boundary conditions on the outer surface of the shell and the continuity conditions at the layer interface are fulfilled again properly.
Conclusions
An efficient approach to 3D exact solutions of electroelasticity for FG piezoelectric laminated shells has been proposed. It is based on the new method of SaS located at Chebyshev polynomial nodes inside each layer of the shell and layer interfaces as well. The stress analysis is based on the 3D constitutive equations of piezoelectricity and gives the opportunity to obtain the 3D exact solutions for thick and thin FG piezoelectric cross-ply and angle-ply shells with a specified accuracy.
